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Abstract. We prove an existential version of Gaifman’s locality theorem and
show how it can be applied algorithmically to evaluate existential first-order sen-
tences in finite structures.

1 Introduction

Gaifman’s locality theorem [12] states that every first-order sentence is equivalent to
a Boolean combination of sentences saying: There exist elementsa1, . . . , ak that are
far apart from one another, and eachai satisfies some local condition described by a
first-order formula whose quantifiers only range over a fixed-size neighborhood of an
element of a structure. We prove that everyexistentialfirst-order sentence is equivalent
to apositiveBoolean combination of sentences saying: There exist elementsa1, . . . , ak
that are far apart from one another, and eachai satisfies some local condition described
by anexistentialfirst-order formula.

The locality of first-order logic can be explored to prove that certain properties
of finite structures are not expressible in first-order logic, and it seems that this was
Gaifman’s main motivation. More recently, Libkin and others considered this technique
of proving inexpressibility results using locality in a complexity theoretic context (see,
e.g., [5, 15, 14, 16]).

A completely different application of Gaifman’s theorem has been proposed in [11]:
It can be used to evaluate first-order sentences in certain finite structures quite effi-
ciently. In general, it takes timenΘ(l) to decide whether a structure of sizen satisfies
a first-order sentence of sizel, and under complexity theoretic assumptions, it can be
proved that no real improvement is possible: The problem of deciding whether a given
structure satisfies a given first-order sentence is PSPACE-complete [18, 20], and if pa-
rameterized by the size of the input sentence, it is complete for the parameterized com-
plexity class AW[∗] [7]. The latter result implies that it is unlikely that the problem
is fixed-parameter tractable (cf. [6]), i.e., that it can be solved in timef(l) · nc, for a
functionf and a constantc.

Gaifman’s theorem reduces the question of whether a first-order sentence holds in
a structure to the question of whether the structure contains elements that are far apart
from one another and satisfy some local condition expressed by a first-order formula.
In certain structures, it is much easier to decide whether an element satisfies a local



first-order formula than to decide whether the whole structure satisfies a first-order sen-
tence. An example are graphs of bounded degree: Local neighborhoods of vertices in
such graphs have a size bounded by a constant only depending on the radius of the
neighborhoods, so the time needed to check whether a vertex satisfies a local condition
does not depend on the size of the graph. Another, less obvious example are planar
graphs. To evaluate local conditions in planar graphs, we can exploit the fact that in
planar graphs neighborhoods of fixed radius have bounded tree-width [17]. In general,
such a locality based approach to evaluating first-order sentences in finite structures
works for classes of structures that have a property called bounded local tree-width; the
class of planar graphs and all classes of structures of bounded degree are examples of
classes having this property. It has been proved in [11] that for each class C of structures
of bounded local tree-width there is an algorithm that, given a structureA ∈ C and a
first-order sentenceϕ, decides whetherA satisfiesϕ in time near linear in the size of
the structureA (the precise statement is Theorem 7).

While a linear dependence on the size of the input structure is optimal, the depen-
dence of these algorithms on the size of the input sentence leaves a lot to be desired:
There is not even an elementary upper bound for the runtime in terms of the size of the
sentence. Although the dependence of the algorithm on the structure size matters much
more than the dependence on the size of the sentence, because usually we are evaluating
small sentences in large structures,1 it would be desirable to have a dependence on the
size of the sentence that is not worse than exponential. Of course, since we are dealing
with a PSPACE complete problem, we cannot expect the runtime of an algorithm to be
polynomial in both the size of the input structure and the size of the input sentence.

We have observed that one of the main factors contributing to the enormous runtime
of the locality based algorithms in terms of the formulas size is the number of quantifier
alternations in the formula. This has motivated the present paper. We can use a variant of
our existential locality theorem to improve the algorithms described above to algorithms
whose runtime “only” depends doubly exponentially on the size of the input sentence.

In this paper we concentrate on the proof of our existential locality theorem, which
is surprisingly complicated. This proof is presented in Section 3. The algorithmic ap-
plication is outlined in Section 4.

2 Preliminaries

A vocabularyis a finite set of relation symbols. Associated with every relation sym-
bol R is a positive integer called thearity of R. In the following,τ always denotes a
vocabulary.

A τ -structureA consists of a non-empty setA, called theuniverseof A, and a
relationRA ⊆ Ar for eachr-ary relation symbolR ∈ τ . For instance, we consider
graphsas{E}-structuresG = (G,EG), where the binary relationEG is symmetric
and anti-reflexive (i.e. graphs are undirected and loop-free). IfA is a τ -structure and

1 The generic example is the problem of evaluating SQL database queries against finite relational
databases, which can be modeled by the problem of evaluating first-order sentences in finite
structures.



B ⊆ A, then〈B〉A denotes the substructure induced byA onB, that is, theτ -structure
B with universeB andRB := RA ∩Br for everyr-aryR ∈ τ .

The formulas offirst-order logicare build up fromatomic formulasusing the usual
Boolean connectives and existential and universal quantification over the elements of
the universe of a structure. Remember that anatomic formula, or atom, is a formula
of the formx = y or R(x1, . . . , xr), whereR is an r-ary relation symbol. The set
of all variables of a formulaϕ is denoted by var(ϕ). A free variablein a first-order
formula is a variablex not in the scope of a quantifier∃x or ∀x. The set of all free
variables of a formulaϕ is denoted by free(ϕ). A sentenceis a formula without free
variables. The notationϕ(x1, . . . , xk) indicates that all free variables of the formula
ϕ are amongx1, . . . , xk; it does not necessarily mean that the variablesx1, . . . , xk all
appear inϕ. For a formulaϕ(x1, . . . , xk), a structureA, anda1, . . . , ak ∈ A we write
A |= ϕ(a1, . . . , ak) to say thatA satisfiesϕ if the variablesx1, . . . , xk are interpreted
by the verticesa1, . . . , ak, respectively.

Theweightof a first-order formulaϕ is the number of quantifiers∃x and∀x occur-
ring inϕ.

A first-order formula isexistentialif it contains no universal quantifiers and if every
existential quantifier occurs in the scope of an even number of negation symbols. A
literal is an atom or a negated atom. Aconjunctive query with negationis a formula of
the form∃x̄

∧m
i=1 λi, where eachλi is a literal. Every existential formulaϕ of weight

w and lengthl is equivalent to a disjunction of at most2l conjunctive queries with
negation, each of which is of weight at mostw and length at mostl.

We often denote tuplesa1 . . . ak of elements of a setA by ā, and we writēa ∈ A
instead of̄a ∈ Ak. Similarly, we denote tuples of variables byx̄.

Our underlying model of computation is the standard RAM-model with addition
and subtraction as arithmetic operations (cf. [1, 19]). In our complexity analysis we use
the uniform cost measure. Structures are represented on a RAM in a straightforward
way by listing all elements of the universe and then all tuples in the relations. For
details we refer the reader to [10]. We define thesizeof a τ -structureA to be||A|| :=
|A| +

∑
R∈τ r-ary r · |RA|; this is the length of a reasonable representation ofA (if

we suppress details that are inessential for us). We fix some reasonable encoding for
first-order formulas and denote by||ϕ|| the size of the encoding of a formulaϕ.

2.1 Gaifman’s Locality Theorem

TheGaifman graphof a τ -structureA is the graphGA with vertex setA and an edge
between two verticesa, b ∈ A if there exists anR ∈ τ and a tuplea1 . . . ak ∈ RA such
thata, b ∈ {a1, . . . , ak}. ThedistancedA(a, b) between two elementsa, b ∈ A of a
structureA is the length of the shortest path inGA connectinga andb. For r ≥ 1 and
a ∈ A, we define ther-neighborhoodof a in A to beNAr (a) := {b ∈ A | dA(a, b) ≤
r}. For a subsetB ⊆ A we letNAr (B) :=

⋃
b∈B N

A
r (b).

For everyr ≥ 0 there is an existential first-order formulaδr(x, y) such that for
all τ -structuresA anda, b ∈ A we haveA |= δr(a, b) if, and only if, dA(a, b) ≤ r.
In the following, we writed(x, y) ≤ r instead ofδr(x, y) andd(x, y) > r instead of
¬δr(x, y).



If ϕ(x) is a first-order formula, thenϕNr(x)(x) is the formula obtained fromϕ(x)
by relativizing all quantifiers toNr(x), that is, by replacing every subformula of the
form ∃yψ(x, y, z̄) by ∃y(d(x, y) ≤ r ∧ ψ(x, y, z̄)) and every subformula of the form
∀yψ(x, y, z̄) by∀y(d(x, y) ≤ r → ψ(x, y, z̄)). We usually write∃y ∈ Nr(x) ψ instead
of ∃y(d(x, y) ≤ r ∧ ψ) and∀y ∈ Nr(x) ψ instead of∀y(d(x, y) ≤ r → ψ).

A formulaψ(x) of the formϕNr(x)(x), for someϕ(x), is calledr-local. The basic
property ofr-local formulasψ(x) is that it only depends on ther-neighborhood ofx
whether they hold atx or not, that is, for all structuresA anda ∈ A we haveA |= ψ(a)
if, and only if,

〈
NAr (a)

〉
|= ψ(a). Observe that ifψ(x) is r-local ands > r, thenψ(x)

is equivalent to thes-local formulaψNs(x)(x). We often use this observation implicitly
when consideringr-local formulas ass-local for somes > r.

Sentences can never be local in the sense just defined. As a substitute, we say that a
local sentenceis a sentence of the form

∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
∧

1≤i≤k

ψ(xi)
)
,

wherer, k ≥ 1 andψ(x) is r-local.

Theorem 1 (Gaifman [12]). Every first-order sentence is equivalent to a Boolean
combination of local sentences.

3 The Existential Locality Theorems

If ψ(x) is an existential first-order formula, then for everyr ≥ 1 the r-local formula
ψNr(x)(x) obtained fromψ is also existential. We define a local sentence

∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
∧

1≤i≤k

ψ(xi)
)

to beexistentialif the formulaψ is existential andr-local. Let us remark that, in gen-
eral, an existential local sentence isnot equivalent to an existential first-order sentence,
because the formulad(xi, xj) > s is not existential for anys ≥ 2.

Theorem 2. Every existential first-order sentence is equivalent to a positive Boolean
combination of existential local sentences.

Unfortunately, neither Gaifman’s original proof of his locality theorem (based on
quantifier elimination) nor Ebbinghaus and Flum’s [8] model theoretic proof can be
adapted to prove this existential version of Gaifman’s theorem. Compared to these
proofs, our proof is very combinatorial, which is not surprising, because there is not
much “logic” left in existential sentences.

We illustrate the basic idea by a simple example:

Example 3. Let

ϕ := ∃x∃y
(
¬E(x, y) ∧ RED(x) ∧ BLUE(y)

)



(hereE is a binary relation symbol and RED,BLUE are unary relation symbols). Al-
though the syntactical form ofϕ is close to that of an existential local sentence, it is
not obvious how to find a positive Boolean combination of existential local sentences
equivalent toϕ. Here is one:(

∃x∃y
(
d(x, y) > 2 ∧ (RED(x) ∨ BLUE(y)) ∧ (RED(y) ∨ BLUE(y))

)
∧ ∃x RED(x) ∧ ∃x BLUE(x)

)
∨ ∃x ∃x′ ∈ N2(x)∃y ∈ N2(x)

(
¬E(x′, y) ∧ RED(x′) ∧ BLUE(y)

)
.

To understand the following proof it is worthwhile trying to extend the idea of this
example to the sentence

∃x∃y∃z
(
¬E(x, y) ∧ ¬E(x, z) ∧ ¬E(y, z) ∧ RED(x) ∧ BLUE(y) ∧ GREEN(z)

)
(although it is very complicated to actually write down an equivalent positive Boolean
combination of existential local sentences). Indeed, it is the main difficulty of the proof
to handle sentences saying “there is an independent set of pointsx1, . . . , xk of colors
c1, . . . , ck, respectively.” Playing with such sentences leads to the crucial observation
that the basic combinatorial problem can be handled by the marriage theorem (as it is
done in Step 4 of the proof of Lemma 4).

The proof requires some preparation. We define therank of a local sentence

∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
∧

1≤i≤k

ψ(xi)
)
,

to be the pair(k + w, r), wherew is the weight ofψ. We partially order the ranks by
saying that(q, r) ≤ (q′, r′) if q ≤ q′ andr ≤ r′.
Lemma 4. Let k ≥ 2, r ≥ 1, w ≥ 0, and letA, B be structures such that every
existential local sentence of rank at most(k · (w + 1), 2k

2
r) that holds inA also holds

in B. Let

ϕ := ∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2k
2
r ∧

k∧
i=1

ψi(xi)
)
,

where for1 ≤ i ≤ k, the formulaψi(xi) is r-local, existential and of weight at mostw.
Suppose thatA |= ϕ.

Then

B |= ∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
k∧
i=1

ψi(xi)
)
.

Proof: We prove the lemma in four steps.
Step 1.We show that if for somel, 1 ≤ l ≤ k, sayl = k, there areb1, . . . , bk ∈ B

such thatd(bi, bj) > 4r for 1 ≤ i < j ≤ k, andB |= ψl(bi) for 1 ≤ i ≤ k, then it
suffices to prove that

B |= ∃x1 . . .∃xk−1

( ∧
1≤i<j≤k−1

d(xi, xj) > 2r ∧
k−1∧
i=1

ψi(xi)
)
.



To see this, suppose that we have suchb1, . . . , bk and we findc1, . . . , ck−1 such that
d(ci, cj) > 2r for all 1 ≤ i < j ≤ k − 1, andB |= ψi(ci) for 1 ≤ i ≤ k − 1. Then
there will be at least onei, 1 ≤ i ≤ k such thatbi has distance greater than2r from cj
for all j, 1 ≤ j ≤ k − 1. Thusc1, . . . , ck−1, bi witness that

B |= ∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
k∧
i=1

ψi(xi)
)
.

So without loss of generality, in the following we assume that for1 ≤ i ≤ k, there
are at most(k − 1) elements ofB of pairwise distance greater than4r satisfyingψi.

Step 2.We let K := {1, . . . , k}, and for every setI ⊆ K we let ψI(x) :=∨
i∈I ψi(x). Note thatψI is a formula of weight at mostk · w. Let C := {c ∈ B |
B |= ψK(c)}. By the assumption we made at the end of Step 1, there exist at most
k(k − 1) elements ofC of pairwise distance greater than4r.

Claim: There arep, l, 1 ≤ p ≤ k(k − 1) + 1, 1 ≤ l ≤ k(k − 1), and elements
c1, . . . , cl ∈ C such thatdB(ci, cj) > 2p+1r for 1 ≤ i < j ≤ l, and for allc ∈ C there
exists ani ≤ l such thatdB(c, ci) ≤ 2pr.

Proof: We constructc1, . . . , cl inductively: As the inductive basis, letc1 be an
arbitrary element ofC. If c1, . . . , ci are constructed, we chooseci+1 ∈ C such that for
1 ≤ j ≤ i we havedB(ci+1, cj) > 2k(k−1)+1−(i−1)r. If no suchci+1 exists, we let
l := i, p := k(k − 1) + 1− (l − 1) and stop.

Our construction guarantees that for1 ≤ i < j ≤ l we have

dB(ci, cj) > 2k(k−1)+1−(j−2)r. (1)

For j ≤ k(k − 1) + 1, this impliesdB(ci, cj) > 4r. Since there are at mostk(k − 1)
elements ofC of pairwise distance greater than4r, this guarantees thatl ≤ k(k − 1).
(1) also guarantees that for1 ≤ i < j ≤ l we havedB(ci, cj) > 2k(k−1)+1−(l−2)r =
2p+1r.

Since we stopped atl = i, for all c ∈ C there exists ani ≤ l such thatdB(c, ci) ≤
2k(k−1)+1−(l−1) = 2pr. This proves the claim.

Step 3.Let p, l, c1, . . . , cl be as stated in the claim in Step 2. ForI ⊆ K, let

ϕI := ∃x1 . . .∃xk
( ∧
i,j∈I
i<j

d(xi, xj) > 2p+1r ∧
∧
i∈I

ψI(xi)
)
.

SinceA |= ϕ, we haveA |= ϕI . Thus, sinceϕI is an existential local sentence of rank
at most(k · (w + 1), 2k

2
r), we also haveB |= ϕI .

Step 4.Let L := {1, . . . , l}. We define a relationR ⊆ K × L as follows: For
i ∈ K, j ∈ L we letiRj if there is ab ∈ B such thatB |= ψi(b) anddB(b, cj) ≤ 2pr.

Claim: For everyI ⊆ K the setR(I) := {j ∈ L | ∃i ∈ I : iRj} contains at least
as many elements asI.

Proof: Recall thatB |= ϕI . For i ∈ I, let bi ∈ B, such that for alli, j ∈ I with
i < j we havedB(bi, bj) > 2p+1r and for alli ∈ I we haveB |= ψI(bi). Thenbi ∈ C,



and thus there exist aj ∈ L such thatdB(bi, cj) ≤ 2pr. SincedB(bi, bj) > 2p+1r, for
everyj ∈ L there can be at most onei ∈ I such thatdB(bi, cj) ≤ 2pr. This proves the
claim.

By the marriage theorem, there exists a one-to-one mappingf ofK intoL such that
for all i ∈ K we haveiRf(i). In other words, there existb1, . . . , bk such that for1 ≤
i ≤ k we haveB |= ψi(bi) anddB(bi, cf(i)) ≤ 2pr. SincedB(cf(i), cf(j)) > 2p+1r,
the latter impliesdB(bi, bj) > 2r. Thus

B |= ∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
k∧
i=1

ψi(xi)
)
.

2

Lemma 5. There is a functionf(k), such that the following holds for allk ≥ 1: Let
A, B be structures such that every existential local sentence of rank(k(k + 1), f(k))
that holds inA also holds inB. Then every existential sentence of weight at mostk that
holds inA also holds inB.

Proof: Since every existential sentence is equivalent to a disjunction of conjunctive
queries with negation of the same weight, it suffices to prove that every conjunctive
query with negation of weightk that holds inA also holds inB. Let

ϕ := ∃x1 . . .∃xkψ(x1, . . . , xk)

with

ψ(x1, . . . , xk) :=
( p∧
i=1

αi ∧
q∧
i=1

βi

)
,

where all theαi are atoms and theβi are negated atoms. Suppose thatA |= ϕ. We shall
prove thatB |= ϕ.

We define thepositive graph ofϕ to be the graphG with universeG := var(ϕ) =
{x1, . . . , xk} and

EG := {xy | ∃i, 1 ≤ i ≤ p : x, y ∈ var(αi)}.

LetH1, . . . ,Hr be the connected components ofG. Without loss of generality, we may
assume that for1 ≤ i ≤ r we havexi ∈ Hi. Then we know thatHi ⊆ NGk (xi).
If r = 1, then this means that var(ϕ) ⊆ NGk (x1), andϕ is equivalent to thek-local
sentence

∃x1 ∃x2 ∈ Nk(x1) . . .∃xk ∈ Nk(x1)ψ

of rank(k, k). If we choosef such thatf(k) ≥ k, thenA |= ϕ impliesB |= ϕ. In the
following, we assume thatr ≥ 2.

Let c0 := 0 andci+1 := 2k
2
(ci + k + 1) for i ≥ 0. We letR :=

{
{i, j}

∣∣ 1 ≤ i <

j ≤ r
}

, h := |R| =
(
r
2

)
and

f(k) = 2k
2
(ch + k + 1). (2)



For ā = a1 . . . ar ∈ Ar, the distance patternof ā is the mapping∆ā : R →
{0, . . . , h} defined by

∆ā({i, j}) :=


0 if dA(ai, aj) = 0
t if ct < dA(ai, aj) ≤ ct+1 for somet such that0 ≤ t < h

h if dA(ai, aj) > ch

By the pigeonhole principle, for every distance pattern∆ there is an integer gap(∆)
such that0 ≤ gap(∆) ≤ h and∆({i, j}) 6= gap(∆) for all {i, j} ∈ R.

Let ā = a1 . . . ak ∈ Ak such thatA |= ψ(ā). Let∆ := ∆a1...ar , andg := gap(∆).
Then for all{i, j} ∈ R we either haved(ai, aj) ≤ cg or d(ai, aj) > 2k

2
(cg + k +

1). This implies that the relation on{a1, . . . , ar} defined bydA(ai, aj) ≤ cg is an
equivalence relation. Without loss of generality, we may assume thata1, . . . , as form a
system of representatives of the equivalence classes.

We let l := cg + k. For 1 ≤ i ≤ s, we letIi := {j | 1 ≤ j ≤ k, dA(ai, aj) ≤ l}.
Then(Ii)1≤i≤s is a partition of{1, . . . , k}. To see this, first recall that for1 ≤ j ≤ r
there is ani, 1 ≤ i ≤ s such thatdA(ai, aj) ≤ cg. Fort with r+1 ≤ t ≤ k there exist a
j, 1 ≤ j ≤ r such thatxt ∈ Hj , the connected component ofxj in the positive graph of
ϕ. SinceA |= ψ(ā), this implies thatdA(aj , at) ≤ k. Thus there exists ani, 1 ≤ i ≤ s
such thatdA(ai, at) ≤ cg + k.

For1 ≤ i ≤ s, we let

ψi(xi) := ∃x̄i ∈ Nl(xi)
∧

var(αi)⊆Ii

αi ∧
∧

var(βi)⊆Ii

βi,

wherex̄i consists of all variablesxj with j ∈ Ii \ {i}. Then for1 ≤ i ≤ s we have
A |= ψi(ai), becauseA |= ψ(ā). Thus

A |= ∃x1 . . .∃xs
( ∧

1≤i<j≤s

d(xi, xj) > 2k
2
(l + 1) ∧

∧
1≤i≤s

ψi(xi)
)
.

Sincef(k) = 2k
2
(ch + k + 1) ≥ 2k

2
(l + 1), by Lemma 4, this implies

B |= ∃x1 . . .∃xs
( ∧

1≤i<j≤k

d(xi, xj) > 2(l + 1) ∧
∧

1≤i≤s

ψi(xi)
)
.

Thus there existb1, . . . , bs ∈ B such that for1 ≤ i < j ≤ s we havedB(bi, bj) >
2(l + 1) and for1 ≤ i ≤ s we haveB |= ψi(bi). SinceI1, . . . , Is is a partition of
{1, . . . , k}, there arebs+1, . . . , bk ∈ B such that:

(i) dB(bi, bj) ≤ l for all j ∈ Ii.
(ii) B |= αj(b̄) for all j, 1 ≤ j ≤ p such that var(αj) ⊆ Ij .

(iii) B |= βj(b̄) for all j, 1 ≤ j ≤ q such that var(βj) ⊆ Ij .

We claim thatB |= ψ(b̄). Since for each connected componentHj of the positive graph
of ϕ there is ani, 1 ≤ i ≤ s such thatt ∈ Ii wheneverxt ∈ Hj , (ii) implies that



B |= αj(b̄) for 1 ≤ j ≤ p. It remains to prove thatB |= βj(b̄) for 1 ≤ j ≤ q. If
var(βj) ⊆ Ii for somei, thenB |= βj(b̄) by (iii). Otherwise,βj has variablesxu, xv
such that there existi 6= i′ with xu ∈ Ii, xv ∈ Ii′ . Then by (i),dB(bi, bu) ≤ l and
dB(bi′ , bv) ≤ l. SincedB(bi, bi′) > 2l + 1, this impliesdB(bu, bv) > 1. Sinceβj is a
negated atom, this impliesB |= βj(b̄).

ThusB |= ϕ. 2

Proof (of Theorem 2):Letϕ be an existential sentence of weightk andK := {A|A |=
ϕ} the class of all finite structures satisfyingϕ. Let Ψ be the set of all existential local
sentences of rank at most(k(k+ 1), f(k)), wheref is the function from Lemma 5. Let

ϕ′ :=
∨
A∈K

∧
ψ∈Ψ
A|=ψ

ψ.

We claim thatϕ is equivalent toϕ′. The forward implication is trivial, and the backward
implication follows from Lemma 5. Since up to logical equivalence, the setΨ is finite
and thereforeϕ′ contains at most2|Ψ | non-equivalent disjuncts, this proves the theorem.
2

Our proof of the existential version of Gaifman’s theorem does not give us good
bounds on the size and rank of the local formulas to which we translate a given existen-
tial formula. Therefore, for the algorithmic applications, it is preferable to work with
the following weaker version of Theorem 2, which gives us better bounds.

An asymmetric local sentenceis a sentenceϕ of the form

∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
∧

1≤i≤k

ψi(xi)
)
,

wherer, k ≥ 1 andψ1(x), . . . , ψk(x) arer-local.ϕ is anexistential asymmetric local
sentence, if in additionψ1(x), . . . , ψk(x) are existential.

An r-local conjunctive query with negation, for somer ≥ 1, is a formulaψ(x) of
the form∃y1 ∈ Nr(x) . . .∃yn ∈ Nr(x)

∧m
i=1 λi, where eachλi is a literal.

Theorem 6. Every existential first-order sentenceϕ is equivalent to a disjunctionϕ′ of
existential asymmetric local sentences.

More precisely, ifk is the weight ofϕ and l its size, thenϕ′ is a disjunction of
2O(l+k4) asymmetric local sentences of the form

∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
∧

1≤i≤k

ψi(xi)
)
,

whereψ1, . . . , ψk are r-local conjunctive queries with negation. The rank of each of
these local sentences is at most(k, 2k

2+1), and their size is inO(l).
Furthermore, there is a polynomialp and an algorithm translatingϕ to ϕ′ in time

O(2p(l)).

Proof: We first assume thatϕ is a conjunctive query with negation, say,

ϕ := ∃x1 . . .∃xkψ(x1, . . . , xk)



with

ψ(x1, . . . , xk) :=
( p∧
i=1

αi ∧
q∧
i=1

βi

)
,

where all theαi are atoms and theβi are negated atoms. Without loss of generality, we
may assume thatk ≥ 2, because fork = 1 there is nothing to prove. We define the
positive graph ofϕ to be the graphG with G := var(ϕ) = {x1, . . . , xk} and

EG := {xy | ∃i, 1 ≤ i ≤ p : x, y ∈ var(αi)}.

LetH1, . . . ,Hr be the connected components ofG. Without loss of generality, we may
assume thatr ≥ 2, and that for1 ≤ i ≤ r we havexi ∈ Hi. Then we know that
Hi ⊆ NGk (xi).

Let c0 := 0 andci+1 := 2(ci+k+1) for i ≥ 0. LetR :=
{
{i, j}

∣∣ 1 ≤ i < j ≤ r
}

andh := |R| =
(
r
2

)
. It is not difficult to prove thatch + k + 1 ≤ 2k

2+1.
Let A be a structure and̄a = a1 . . . ar ∈ Ar. The distance patternof ā is the

mapping
∆ā : R→ {0, . . . , h}

defined by

∆ā({i, j}) :=


0 if dA(ai, aj) = 0
t if ct < dA(ai, aj) ≤ ct+1 for somet such that0 ≤ t < h

h if dA(ai, aj) > ch

By the pigeonhole principle, for every distance pattern∆ there is a number gap(∆), 0 ≤
gap(∆) ≤ h such that∆({i, j}) 6= gap(∆) for all {i, j} ∈ R.

Let ā ∈ Ar, ∆ := ∆ā, andg := gap(∆). Then for all{i, j} ∈ R we either
haved(ai, aj) ≤ cg or d(ai, aj) > 2(cg + k + 1). This implies that the relation
on {a1, . . . , ar} defined bydA(ai, aj) ≤ cg is an equivalence relation. Without loss
of generality, we may assume thata1, . . . , as form a system of representatives of the
equivalence classes.

Now suppose that we extenda1 . . . ar to ak-tuple ā = a1 . . . ak ∈ Ak such that
A |= ψ(ā). We letl := cg + k. For1 ≤ i ≤ s, we letIi := {j | dA(ai, aj) ≤ l}. Then
(Ii)1≤i≤s is a partition of{1, . . . , k}. For1 ≤ i ≤ s, we let

ψi(xi) := ∃x̄i ∈ Nl(xi)
∧

var(αi)⊆Ii

αi ∧
∧

var(βi)⊆Ii

βi,

wherex̄i consists of all variablesxj with j ∈ Ii \ {i}, and

ψ∆(x1, . . . , xs) :=
∧

1≤i<j≤s

d(xi, xj) > 2(l + 1) ∧
∧

1≤i≤s

ψi(xi).

ThenA |= ψ∆(a1, . . . , as). Furthermore, for every tuplea′1 . . . a
′
s ∈ As with A |=

ψ∆(a′1, . . . , a
′
s) there exists an extension̄a′ := a′1 . . . a

′
k such thatA |= ψ(ā′). To see

this, observe that every positive literalαj occurs in anIi and thus inψ∆, and every



negative literalβj either occurs in anIi or has variables with indices in two distinct
Ii, Ii′ and is thus automatically satisfied, because the variables are forced to be far
apart.

The formulaψ∆(x1, . . . , xk) only depends on the distance pattern∆ and not on
the tupleā realizing it. So for every distance pattern∆ we obtain a formulaψ∆(x̄∆),
whose free variables̄x∆ are amongx1, . . . , xr, with the following properties:

– ∃x̄∆ψ∆ is an existential asymmetric local sentence of rank at most(k, 2k
2+1).

– For every tuplēa ∈ Ak with A |= ψ(ā) and∆ā = ∆ we haveA |= ψ∆(ā∆),
whereā∆ consists of the same entries ofā asx̄∆ of x̄.

– Every tuplēa∆ with A |= ψ∆(ā∆) can be extended to a tuplēa = a1 . . . ak such
thatA |= ψ(ā).

The last two items imply thatϕ is equivalent to the formula

ϕ′ :=
∨

∆ distance pattern

∃x̄∆ψ∆.

It is not hard to see that the number of distance pattern is in2O(k4), thusϕ is a disjunc-
tion of 2O(k4) existential asymmetric local sentences of rank at most(k, 2k

2+1) and size
in O(l) (wherel denotes the length ofϕ).

If ϕ is an arbitrary existential sentence, we first transform it to a disjunction of at
most2l conjunctive queries with negation of the same weight asϕ.

Finally, we observe that the translation fromϕ to the disjunction of asymmetric
local formulas is effective within the desired time bound: Givenϕ, we first translate
it to a disjunction of conjunctive queries with negation. This is possible in time2O(l).
Then we treat each of the conjunctive queries with negation separately. We compute the
positive graph and all possible patterns. For each of pattern∆, we compute the gap and
then the formulaϕ∆. Sincek ≤ l, this is clearly possible in time2p(l) for a suitable
polynomialp. 2

4 An Algorithmic Application

The appropriate structural notion for the algorithmic applications of locality isbounded
local tree-width. We assume that the reader is familiar with the definition oftree-width
of graphs (see e.g. [4]). The tree-width of a structureA, denoted by tw(A), is the tree-
width of its Gaifman graph. Thelocal tree-widthof a structureA is the function ltwA :
N→ N defined by

ltwA(r) := max
{

tw
(
〈NAr (a)〉

) ∣∣∣ a ∈ A}.
A class C of structures hasbounded local tree-widthif there is a functionλ : N → N

such that ltwA(r) ≤ λ(r) for all A ∈ C, r ∈ N. Many well-known classes of structures
have bounded local tree-width, among them the class of planar graphs and all classes of
structures of bounded degree.



Theorem 7 (Frick and Grohe [11]). Let C be a class of structures of bounded local
tree-width. Then there is a functionf and, for everyε > 0, an algorithm deciding in
timeO(f(||ϕ||)|A|1+ε) whether a given structureA ∈ C satisfies a given first-order
sentenceϕ.

If the class C islocally tree-decomposable, which is a slightly stronger requirement
than having bounded local tree-width, then there is a functionf and an algorithm de-
ciding whether a given structureA ∈ C satisfies a given first-order sentenceϕ in time
O(f(||ϕ||)|A|).

These algorithms proceed as follows: Given a structureA and a sentenceϕ, they
first translateϕ to a Boolean combination of local sentences. Then they evaluate each
local sentence and combine the results. To evaluate a local sentence, say,

∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
∧

1≤i≤k

ψ(xi)
)
,

they first compute the setψ(A) of all a ∈ A such thatA |= ψ(a). Sinceψ is local
and the class C has bounded local tree-width or even is locally tree-decomposable, this
is possible quite efficiently. (In the special case of structures of bounded degree, this is
easy to see, becauseψ only has to be evaluated in substructures ofA of bounded size.)
Finally, the algorithms test whether there area1, . . . , ak ∈ ψ(A) of pairwise distance
greater than2r. This is possible in linear time by the following lemma:

Lemma 8 (Frick and Grohe [11]). Let C be a class of structures of bounded local
tree-width. Then there is a functiong and an algorithm that, given a structureA,
a subsetP ⊆ A, and integersk, r, decides in timeO(g(k, r)|A|) whether there are
a1, . . . , ak ∈ P of pairwise distance greater than2r.

The drawback of these algorithms is that we cannot even give an elementary upper
bound for the functionf in Theorem 7. The main reason for the enormous runtime
of the algorithms in terms of the formula size is that to evaluate the local formulas,
they translate them to tree-automata, and in the worst case the size of these automata
grows exponentially with each quantifier alternation. Therefore, it is a natural idea to
bound the number of quantifier alternations in order to obtain smaller automata. But this
would require that the translation of first-order sentences into local sentences preserves
the quantifier structure. Unfortunately, the known proofs of Gaifman’s theorem do not
preserve the quantifier structure of the input formula.

These considerations motivated the present paper. Indeed, Theorem 2 shows that ex-
istential first-order sentences can be translated into Boolean combinations of existential
local formulas. The price we pay for this is that these Boolean combinations of exis-
tential local formulas can get enormously large. Therefore, we use Theorem 6, because
this theorem at least gives us an exponential upper bound on the size of the resulting
formula. To evaluate an asymmetric local sentence, say

∃x1 . . .∃xk
( ∧

1≤i<j≤k

d(xi, xj) > 2r ∧
∧

1≤i≤k

ψi(xi)
)
,

where theψi are conjunctive queries with negation, we first compute the setsψ1(A),
. . ., ψk(A). This can be done as in the algorithms described above, but is actually faster



since theψi are conjunctive queries with negation. We use Lemma 9. Then we have to
decide whether there area1 ∈ ψ1(A), . . . , ak ∈ ψk(A) of pairwise distance greater
than2r. Lemma 10 is an analogue of Lemma 8 for this more general situation.

Lemma 9. There is a polynomialp and an algorithm that solves the following problem
in timeO(2p(||ϕ||+tw(A)) · |A|).

Input: StructureA, conjunctive query with negationϕ.
Problem:Decide ifA |= ϕ.

Details of the proof of Lemma 9 and the following Lemma 10 can be found in the
full version of this paper [13] and in the second author’s Diploma thesis [21].

Lemma 10. There is a polynomialp and an algorithm that solves the following prob-
lem in timeO(2p(ltwA((k+1)r)+r+k) · |A|):

Input: StructureA, setsP1, . . . , Pk ⊆ A, integerr ≥ 1.
Problem:Decide if there area1 ∈ P1, . . . , ak ∈ Pk of pairwise distance

greater thank.

If we combine these two lemmas together with Theorem 6 and plug them in the
algorithms described in [11], we obtain the following theorem.

Theorem 11. Let C be a class of structures whose local tree-width is bounded by a
functionλ : N → N (i.e., for allA ∈ C and r ≥ 0 we haveltwA(r) ≤ λ(r)). Then
there are polynomialsp, q such that for everyε > 0 there is an algorithm that, given a
structureA and an existential first-order sentenceϕ, decides ifA |= ϕ in time

O
(

22p(λ(q(||ϕ||+(1/ε)))+||ϕ||+(1/ε))
· |A|1+ε

)
,

i.e., in time doubly exponential in||ϕ||, (1/ε), λ(q(||ϕ|| + (1/ε))) and near linear in
|A|.

For many interesting classes of structures of bounded local tree-width, such as pla-
nar graphs, the local tree-width is bounded by a linear functionλ.

5 Conclusions

Our main result is an existential version of Gaifman’s locality theorem. It would be
interesting to see if there are similar structure preserving locality theorems for other
classes of first-order formulas, such as formulas monotone in some relation symbol or
Σ2-formulas. The combinatorial techniques we use in our proof seem to be specific to
existential formulas; we do not see how to apply them to other classes of formulas. With
the algorithmic applications in mind, it would be nice to get better bounds on the size
and rank of the Boolean combinations of local sentences the locality theorems give us,
both in the existential and in the general case.



In the second part of the paper, we show how a variant of our locality theorem can be
applied to evaluate existential first-order sentences in structures of bounded local tree-
width by improving an algorithm of [11] for the special case of existential sentences. We
are able to prove a doubly exponential upper bound for the dependence of the runtime
of the algorithm on the size of the input sentence. Though not really convincing, it
is much better than what we have for arbitrary first-order sentences — recall that no
elementary bound is known there — and it shows that quantifier alternation really is
an important factor contributing to the large complexity. It might be possible to further
improve the algorithm to obtain a (singly) exponential dependence on the size of the
input sentence. But even then we would probably not get a practical algorithm, because
the hidden constant would still be too large.

The best chance to get practical algorithms might be to concentrate on particular
classes of graphs, such as graphs of bounded degree or planar graphs, and use their
specific properties. For example, the local tree-width of planar graphs is bounded by
the functionr 7→ 3 · r, and it is quite easy to compute tree-decompositions of neigh-
borhoods in planar graphs [2, 9]. This already eliminates certain very expensive parts of
our algorithms. The algorithms can also be improved by using weaker forms of locality.
We have taken a step in this direction by admitting asymmetric local sentences. Further
improvement might be possible by admitting “weak” asymmetric sentences stating that
there are elements of pairwise distance greater thans satisfying somer-local condition,
wheres is no longer required to be2r. For the algorithms, it does not really matter if
the local neighborhoods are disjoint, and relaxing this condition may give us smaller
formulas.
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